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Abstract 
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Discrete Mathematics 87 (1991) 105-108. 
We give a simple proof and a generalization of the following result. In a random sequence of n 
A’s and n B’s the probability of the event that there are exactly k i’s such that the ith B 
precedes the ith A, is l/(n + 1). 
Galton suggested the following problem at the end of the last century: choosing 
an arbitrary sequence of n letters A and n letters B, what is the probability of the 
event that the number of i’s such that the ith B precedes the ith A is k, when k is 
a given integer and 0 s k G it. With other words: what is the probability of the 
event that there are exactly k B’s which precede A with the same ordinal number. 
The problem was solved by Chung and Feller [l]. They have shown that the 
probability is l/(n + 1) independently of k. They used an analytical method. 
Later Hodges [2] and Feller [3] gave elementary proofs but these are rather 
complicated. 
In the present paper at first we give a partition on the set of sequences of n A’s 
and rr B’s such that every class has II + 1 elements and exactly one among them 
contains exactly k B’s which precede A with the same ordinal number for each 
0 s k s n. Then we prove a generalization of the result using this method. 
First of all we replace each sequence of n A’s and n B’s by a sequence of 
natural numbers which has it + 1 elements and its ith member is the number of 
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B’s which stands between the (i - 1)st and ith A for each 1 G i s at + 1. (We regard 
every B as it stands after the zeroth A and before the (n + 1)st A.) It is easy to 
see that we made a bijection between the set of sequences of n A’s and n B’s and 
the set of such sequences of natural numbers which have n + 1 members and their 
sum is 12. The ith partial sum of image of a sequence is equal the number of B’s 
which precede the ith A. Hence the ith B precedes the ith A iff the ith partial 
sum of its image is not less than i. That is, a sequence contains exactly k B’s 
which precede A with the same ordinal number iff exactly k partial sums of its 
image are not less than the number of their own members. 
Now we give a partition on the set of sequences of natural numbers. Let two 
sequences be in the same class of the partition iff writing the members of one of 
them clockwise around a circle we can obtain the other sequence starting from 
some position of the circle and going clockwise. 
We must prove that if we write IZ + 1 natural numbers around a circle and their 
sum is 12 then any two sequences which can be obtained by starting from different 
places on the circle and going clockwise, contain different numbers of partial 
sums which are not less than the number of their own members. 
We shall prove this for arbitrary natural numbers ai, . . . , a,,,, if ,ZFTii Ui = IZ. 
We write them around a circle in their order. Let Si,i be the sequence which can 
be obtained by starting from ai for each i. Further let si,j be the subsequence of si,i 
which stands before Uj for each j #i. Let d(i, j) be the difference of the sum and 
the number of members of s~,~. Finally let Ci = {jld(i, j) 3 0} for each i. It is clear 
that the number of partial sums of .Q which are not less than the number of their 
own members is 1 Ci 1 for each i. We shall prove that if i # j then 1 Ci I# 1 Cj I because 
proper inclusion holds between Ci and Cj. 
Let us see at first which sequences can be obtained by writing Si,j and sj,k 
successively. It is easy to see that if aj is a member of Si,k and j # i then we get si,k 
otherwise we get Q and si,k writing successively. It is obvious that d(i, i) = -1 for 
each i. Thus we proved that d(i, j) + d(j, k) =S d(i, k) hence d(i, k) - d(i, j) 2 
d(j, k) for each i, j, k. It is also clear that if i = k then Uj is a member of Si,k for 
each j thus the first case holds for each j f i: 
d(i, j) + d(j, i) = d(i, i) = -1. 
Now we can complete our proof. Obviously, if i fj then Ci # Cj because 
otherwise i $ Cj and j $ Ci hence d(i, j) + d( j, i) s -1 + (-1) = -2, a contradic- 
tion. Thus if proper inclusion does not hold between Ci and Cj then neither Ci\Cj 
nor Cj\Ci is empty. Thus there exist two natural numbers k and m such that 
k E Ci\Cj and m E Cj\Ci. Hence d(i, m) < 0, d(j, k) < 0, d(i, k) Z= 0 and 
d(j, m) 3 0 thus d(i, m) - d(i, k) + d(j, k) - d(j, m) s -2. But by the statement 
which was proved above, 
d(i, m) - d(i, k) + d(j, k) - d(j, m) 2 d(k, m) + d(m, k) = -1 
and this is a contradiction. Thus if i #j then lC,l # lCj( which was to be proved. 
Proof and generalization of an old result of Chung and Feller 107 
Using this method one can easily answer two other questions which are 
generalizations of Galton’s original problem. Let m be an arbitrary divisor of n. 
Choosing an arbitrary sequence of n letters A and n/m letters B, what is the 
probability of the event that the number of i’s such that at least i/m B’s precede 
the ith A is k, when k is a given integer and 0 < k s n? And similarly, choosing 
an arbitrary sequence of n/m A’s and n B’s what is the probability that the 
number of i’s such that the ith B is preceded by less than i/m A’s is k? We shall 
show that the answers to these problems and that to the original one are the 
same. 
Let us start with answering the first question. Just as above, we can get a 
bijection between the set of sequences of n A’s and n/m B’s and the set of 
sequences of natural numbers which have n + 1 members and their sum is n/m. 
At least i/m B’s precede the ith A in a sequence iff the ith partial sum of its 
image is not less than i/m. Now we multiply all numbers in all images by m. So 
we get the preceding condition: at least i/m B’s precede the ith A in a sequence 
iff the ith partial sum of its new image is not less than i. Since m is an integer, 
the members of the new images are integers, thus we can use the preceding 
argument for completing the proof. 
Now we look at the second question. Consider a sequence which satisfies the 
condition of the first question and replace all A’s by B’s and all B’s by A’s. In the 
new sequence the ith B is preceded by less than i/m A’s iff less than i/m B’s 
precede the ith A in the original one. Hence if we replace k by n - k in the 
second question the probability in the two questions will be the same. Thus if the 
first probability is independent of k then so is the second, which was to be 
proved. 
Added in proof 
The above statement concerning the natural numbers around a circle can be 
reformulated as follows. For each 1~ k s n if a,, . . . , a, is a sequence of integers 
with sum 1 then there is exactly one i such that the cyclic shift 
4, ui+l, . * * 2 an, ul, . . . ) u,_~ has exactly k positive partial sums. (Actually, we 
have stated it with ui < 1 for each i, but this restriction is not used in the proof.) 
This is a generalization of a well-known result due to G. Raney. He proved the 
case k = n in the course of proving Theorem 2.1 in [4]. It is often used to prove 
the formula for Catalan-numbers, e.g. in [5]. 
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